Elimination of Harmonics in a Multilevel
Converter with Non Equal DC Sources

Leon M. Tolbert, John Chiasson, Keith McKenzie and Zhong Du
ECE Department, The University of Tennessee, Knoxville, TN 37996-2100
tolbert@Qutk.edu, chiasson@utk.edu, kmc18@Qutk.edu, zdul@utk.edu

Abstract— The problem of eliminating harmonics in a mul-
tilevel converter in which the separate DC sources vary is
considered. That is, given a desired fundamental output
voltage, the problem is to find the switching times (angles)
that produce the fundamental while not generating specif-
ically chosen harmonics. Assuming that the separate DC
sources can be measured, a procedure is given to find all
sets of switching angles for which the fundamental is pro-
duced while the 5'* and 7t* are eliminated. This is done
by first converting the transcendental equations that specify
the elimination of the harmonics into an equivalent set of
polynomial equations. Then, using the mathematical theory
of resultants, all solutions to this equivalent problem can be
found. Experimental results are presented to validate the
theory.

Keywords— Multilever Inverter, Harmonic Cancellation,
Non Equal DC Sources.

I. INTRODUCTION

Designs for heavy duty hybrid-electric vehicles (HEVSs)
that have large electric drives such as tractor trailers, trans-
fer trucks, or military vehicles will require advanced power
electronic inverters to meet the high power demands (> 100
kW) required of them. Development of large electric drive
trains for these vehicles will result in increased fuel effi-
ciency, lower emissions, and likely better vehicle perfor-
mance (acceleration and braking).

One promising technology to interface battery packs in
electric and hybrid electric vehicles are multilevel convert-
ers. Transformerless multilevel inverters are particularly
suited for this application because of the high VA ratings
possible with these inverters [1]. The multilevel voltage
source inverter’s unique structure allows it to reach high
voltages with low harmonics without the use of transform-
ers or series-connected, synchronized-switching devices.
The general function of the multilevel inverter is to syn-
thesize a desired voltage from several levels of dc voltages.
For this reason, multilevel inverters can easily provide the
high power required of a large electric traction drive.

For parallel-configured HEVs, a cascaded H-bridges in-
verter can be used to drive the traction motor from a set
of batteries, ultracapacitors, or fuel cells. The use of a
cascade inverter also allows the HEV drive to continue to
operate even with the failure of one level of the inverter
structure [2][3][4].

A key issue in designing an effective multilevel inverter is
to ensure that the voltage total harmonic distortion (THD)
is small enough. To do so requires both an (mathemati-
cal) algorithm to determine when the switching should be
done so as to not produce harmonics and a fast real-time

computing system to implement the strategy. Work was
reported in [5] that presented a method to compute the
switching angles for the H-bridges using the mathemati-
cal theory of resultants. In that work, a complete solution
was presented for the three dc source case where it was
assumed that the dc sources were all equal. However, in
applications, this probably will not be the case even if the
sources are nominally equal.

Here it is shown how the method in [5] can be extended
for the non equal or varying dc source case. Specficially, the
problem of eliminating harmonics in a multilevel converter
in which the separate dc sources do not have equal voltage
levels is considered. That is, given a desired fundamental
output voltage, the problem is to find the switching times
(angles) that produce the fundamental while not generating
specifically chosen harmonics.

Assuming that the separate dc sources can be measured,
a procedure is given to find all sets of switching angles for
which the fundamental is produced while the 5** and 7"
are eliminated. This is done by first converting the tran-
scendental equations that specify the elimination of the
harmonics into an equivalent set of polynomial equations.
Then, using the mathematical theory of resultants, all so-
lutions to this equivalent problem can be found. Experi-
mental results are presented to validate the theory.

II. CASCADED H-BRIDGES

The cascade multilevel inverter consists of a series of
H-bridge (single-phase full-bridge) inverter units. As pre-
viously mentioned, the general function of this multilevel
inverter is to synthesize a desired voltage from several sep-
arate dc sources (SDCSs), which may be obtained from
batteries, fuel cells, or ultracapacitors in a HEV. Figure 1
shows a single-phase structure of a cascade inverter with
SDCSs [1]. Each SDCS is connected to a single-phase full-
bridge inverter. Each inverter level can generate three dif-
ferent voltage outputs, +Vjy., 0 and —Vj. by connecting the
dc source to the ac output side by different combinations
of the four switches, S1, 52,53 and Sy. The ac output of
each level’s full-bridge inverter is connected in series such
that the synthesized voltage waveform is the sum of all
of the individual inverter outputs. The number of output
phase voltage levels in a cascade mulitilevel inverter is then
2s + 1, where s is the number of dc sources. An example
phase voltage waveform for an 11-level cascaded multilevel
inverter with five SDSCs (s = 5) and five full bridges is
shown in Figure 2. The output phase voltage is given by
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Van = Val + Va2 + Va3 + Vag + Vas5-

With enough levels and an appropriate switching algo-
rithm, the multilevel inverter results in an output volt-
age that is almost sinusoidal. For the 11-level example
shown in Figure 2, the waveform has less than 5% THD
with each of the active devices of the H-bridges active de-
vices switching only at the fundamental frequency. Each
H-bridge unit generates a quasi-square waveform by phase-
shifting its positive and negative phase legs’ switching tim-
ings. Each switching device always conducts for 180° (or
% cycle) regardless of the pulse width of the quasi-square
wave so that this switching method results in equalizing
the current stress in each active device.
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Fig. 1. Single-phase structure of a multilevel cascaded H-bridges
inverter.
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Fig. 2. Output waveform of an 11-level cascade multilevel inverter.

ITI. SWITCHING ALGORITHM FOR THE MULTILEVEL
CONVERTER
The Fourier series expansion of the (stepped) output
voltage waveform of the multilevel inverter as shown in
Figure 2 is [3][2]
V(wt) = (1)

4V

nm
n=1,3,5,...

(Vl cos(nfi) + - -+ + Vs cos(nbs) ) sin(nwt)

where s is the number of dc sources and the product V;Vy,
is the value of the i*" dc source (if all the dc sources have
the same value Vy., then Vi = Vo = .- =V, = 1). The
objective here is to choose the switching angles 0 < 6; <
0y < -+ < 0s < /2 so as to make the first harmonic
equal to the desired fundamental voltage V; and specific
higher harmonics of V(wt) equal to zero. As the appli-
cation of interest here is a three-phase power system, the
triplen harmonics in each phase need not be canceled as
they automatically cancel in the line-to-line voltages.

A three dc source case is now considered so that the
switching angles are chosen so as to not generate the
5t 7t order harmonics while achieving the desired fun-
damental voltage. The mathematical statement of these
conditions is then

4Vdc (V1 cos(61) 4 Va cos(62) + V3 cos(6s) ) =V
Vi cos(561) + Vacos(502) + Vacos(560s) = 0 (2)
Vi cos(761) + Va cos(702) + Va cos(78s) = 0.

This is a system of 3 transcendental equations in the un-
knowns 61, 62, 035. One approach to solving this set of non-
linear transcendental equations (2) is to use an iterative
method such as the Newton-Raphson method [6]. In this
work, the method given in [5] is extended to find all so-
lutions to (2). This methodology is based on the mathe-
matical theory of resultants of polynomials which is a sys-
tematic procedure for finding the roots of systems of poly-
nomial equations [7]. To use the method, equations (2)
are first converted to a polynomial system by setting x; =
cos(01),x2 = cos(f2),x3 = cos(d3) and using the trigono-
metric identities cos(56) = 5 cos(#) —20 cos®(#)+16 cos® (6),

cos(70) = —7 cos(0) + 56 cos® () — 112 cos® () + 64 cos™(6)
to transform (2) into the equivalent conditions
pi(z) = Vizg+Vows + Vazg—m =0
3
ps(z) £ > V(5w — 202 4+ 1627) =0 (3)
i=1

pr () Ta; + 5627 — 11227 + 642]) =0

3
A Z 1% (_

i=1
where © = (x1,22,23) and m £ V;/ (4Vy. /7). The modu-
lation index is m, = m/s = Vi / (s4Vy./m) (Each inverter
has a dc source that is nominally equal to Vy. so that
the maximum output voltage of the multilevel inverter is
sV4e. A square wave of amplitude sV, results in the max-

imum fundamental output possible of Vi pax = 45Vye/m so
Ma 2 V1 /Vimax = Vi/ (s4Vy./m) = m/s)
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This is now a set of three polynomial equations in the
three unknowns 1, z2, x5 (see also [8] where a polynomial
system was used). Further, the solutions must satisfy 0 <
T3 < xo <1 < 1.

Next, one substitutes x3 =
into ps, p7 to get

(m — (Vizy + Vazs) ) /Vs

p5(x1,22) = bz — 2037? + 1617? + 5z — 2037% + 161:3

m — (Viz1 + Vaxa) m— (Viz1 + Vazo) ) ®
+5 —20
V3 V3

+16 (m — (Vi + Vzwz))5
V3

and

—Tz1 + 5635 — 11227 + 64x] — Tao + 5625
11243 + 6425 — 7 <m - (Vl"f/l * szz))
3

156 m — (lel + VQ.TQ) 3 112 m — (Vlml + VQQZQ) 5
V3 Vs

464 (m - (Vian + ‘/2:132))7
V3

pr(r1,22) =

A. Elimination Using Resultants

In order to explain how one computes the zero sets of
polynomial systems, a brief discussion of the procedure of
solving such systems is now given. A systematic procedure
to do this is known as elimination theory and uses the
notion of resultants [9][10]. Briefly, one considers a(x1,z2)
and b(z1,x2) as polynomials in zo whose coefficients are
polynomials in z;. Then, for example, letting a(xy,zs)
and b(x1,z2) have degrees 3 and 2, respectively in 3, they
may be written in the form

ag(a?l)xg + ag(m)x% + a1 (z1)22 + ag(z)
bg(ﬂil)x% + b (:I?l)xz + bo(:ﬂl).

a(xy, z2)

b(xl,xg) =

The n x n Sylvester matrix, where n = deg,, {a(z1,22)} +
deg,, {b(x1,22)} =3 +2 =5, is defined by

CL()(iL'l) 0 bo(.’El) 0 0

al(acl) CL()(ZL’l) bl(.’El) b()(i[,’l) 0

Sup(w1) = az(z1) ar(x1) ba(z1) bi(x1) bo(z)
@b\l CL3<£L'1) ag(.’L‘l) bg(.’El) bg(.’L‘l) bl(acl)
0 a3($1) 0 b3($1) b2($1)

0 0 0 0 bg(xl)

The resultant polynomial is then defined by
r(x1) = Res (a(wl, x2),b(r1,22), T2 ) £ det Sap(r1) (4)

and is the result of solving a(z1,22) = 0 and b(z1,22) =0
simultaneously for z1, i.e., eliminating xz2. See [11][9][10][7]
for an explanation of this fact.

B. The Switching Angle Solutions

The goal here is to find simultaneous solutions of
p5(x1,22) = 0,p7(z1,22) = 0. For each fixed 1, ps(z1,22)

can be viewed as a polynomial in zo whose coefficients
are polynomials in x;. For each fixed z1g, the pair of
polynomials ps(x1,z2) = 0,p7(x1,22) = 0 has a solu-
tion zop if and only if their corresponding resultant ma-
triv Sp; p,(T10) is singular. Here deg,, {ps(z1,22)} = 5
and deg, {pr(z1,72)} = 7 so that the resultant matrix
Sps.pr(71) is an element of R12*12[z] and its determinant
r5.7(71) = det Sp, . (1) is a polynomial in z;.

The key point here is that for any (x19,220) which is a
simultaneous solution of ps(x1,z2) = 0,p7(x1,22) = 0, it
must be that r5 7(x10) = 0. Consequently, finding the roots
of 75 7(x1) = 0 gives candidate values for z7 to check for
common zeros of ps(z1,z2) = 0, pr(x1,22) = 0. The resul-
tant polynomial r5 7(x1) of the pair {ps(x1,z2), p7(z1,22)}
was found with MATHEMATICA using the Resultant com-
mand and turned out to be a 35" order polynomial. The
explicit algorithm implemented to compute the switching
angles is:

Algorithm for the 7 Level Case
1. Given m and the measured values of V1, V5, V3, find the
roots of r5 7(z1) = 0.

2. Discard any roots that are less than zero, greater than 1
or that are complex. Denote the remaining roots as {z1;}.
3. For each fixed zero x1; in the set {x1;}, substitute it into
ps and solve for the roots of ps(z1;,22) = 0.

4. Discard any roots (in x2) that are complex, less than
zero or greater than one. Denote the pairs of remaining
roots as {(z1;,x2;)}

5. Compute m — x1; — x2; and discard any pair (z1;,22;)
that makes this quantity negative or greater than one. De-
note the triples of remaining roots as {(x1x, T2k, Z3k)}-

6. Discard any triple for which zg; < xor < z1x does not
hold. Denote the remaining triples as {(z1;, zo;, z31) }-

The switching angles that are a solution to the three level
system (2) are

{(011,021,05)} = {(cosfl(xu), cos (), cosfl(xgl))}.

The results are plotted on the left side of Figure 3 for
the case where dc source voltages are V3 V. = 12.56 Volts,
VoVae = 10.19 Volts and V3V,;. = 12.01 Volts. The inter-
est here is in a symbolic expression for the final resultant
polynomial. That is, the final resultant polynomial is more
precisely written as 7(z1, m, Vie1, Vaez, Vaes) showing that
not only is it a function of the indeterminate x;, but also of
the parameters m, Vye1, Vieo, Vaes. This is the desired form
because, for example, in a hybrid electric vehicle the bat-
teries powering the vehicle will not usually be at the same
voltage level and will vary with use. Consequently, the DC
source voltages could be measured and the switching angles
as in Figure 3 could be recomputed online to account for
changes in the source voltages. This is because, starting
with 7(z1,m, Vier, Vaea, Vaes), the calculation to compute
the data of Figure 3 takes less than a second for any given
modulation index.

If iterative numerical techniques are used, one is not
guaranteed that the solution will converge (the initial guess
has to be “close” to the solution or there may be no solu-
tion), nor that the particular solution obtained is the only
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Fig. 3.

solution and, therefore, the best in any sense. This figure
shows the switching angles 61,605,603 vs. m for those val-
ues of m in which the system (2) has at least one solution
set. The parameter m was incremented in steps of 0.01.
Note that for m in the range from approximately 1.1 to
2.4, there are at least two different sets of solutions and
sometimes three sets. The right side of Figure 3 is a plot
of the set of switching angles chosen to give the smallest
distortion generated by the 11*" and 13" harmonics, i.e.,

the smallest value of \/(p11/11)2 + (p13/13)°.

However, in an application such as electric vehicles, one
needs to be concerned about another issue. Specifically, one
would like the smallest switching angle 0.,;, to correspond
to the dc source (battery) with the highest voltage V;__ V.
so that the battery being drained the longest period of time
is the one with the highest voltage. Of course, one would
then want the next smallest switching angle to correspond
to the next highest dc source voltage level, etc. If this is
not the case, the voltages will continue to get further apart
due to the fact that they are being discharged at different
rates.

IV. EXPERIMENTAL WORK

A prototype three-phase 11-level wye-connected cas-
caded inverter has been built using 100 V, 70 A MOSFETs
as the switching devices. The gate driver boards and MOS-
FETs are shown in Figure 4. A battery bank of 15 SDCSs
of 48 Volts dc (not shown) each feed the inverter configured
with 5 SDCSs per phase [12]. In the experimental study
here, this prototype system was configured to be an 7-level
(3 SDCSs per phase).

The ribbon cable shown in the figure provides the com-
munication link between the gate driver board and the
real-time processor. In this work, a real-time computing
platform [13] was used to interface the computer (which
generates the logic signals) to this cable. This system al-
lows one to implement the switching algorithm as a lookup
table in SIMULINK which is then converted to C code using
RTW (real-time workshop) from Mathworks. The software
provides icons to interface the SIMULINK model to the dig-
ital I/O board and converts the C' code into executables.

The time resolution (the precision for the time at which
a switch is turned on or off) was chosen to be 1/1000 of
an electrical cycle. For a 60 Hz frequency requirement,
this comes to (1/60)/1000 = 16.7 microseconds. Note that
while the computation of the lookup table of Figure 3 re-
quires some offline computational effort, the real-time im-
plementation is accomplished by putting the data (i.e., Fig-
ure 3) in a lookup table and therefore does not require high
computational power for implementation.

In the first experiment, each dc source was nominally 12
Volts (Vge = 12 V) while their actual values were V; Vg, =
12.56 Volts, V5 V;. = 10.19 Volts and V3V, = 12.01 Volts
(i.e,, V1 = 12.56/12 = 1.05,V, = 0.85,V3 = 1.01) cor-
responding to the values used in Figure 3. The left side
of Figure 5 is a plot of the output waveform voltage with
m = 1.3. (The spikes on the plot are due to the low bit
resolution of the sampling scope and are not present on
the actual scope display). The corresponding FFT of this
signal is given on the right side of Figure 5. This shows the
normalized magnitude of the 5! and 7" harmonics are
both about 0.01 which corresponds well with the predicted
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Fig. 4. Gate Driver Boards and MOSFETS for the Mulitlevel Inverter

value of zero.

In the next experiment, the nominal value of the dc
source voltages was 48 Volts (V. = 48 Volts) while the ac-
tual values were V; V. = 48.3 Volts, V5V, = 38.9 Volts and
V3V = 36.08 Volts (i.e., V3 = 1,V5 = 0.81,V5 = 0.752).
Figure 6 is a plot of the output waveform voltage with
f = 60 Hz and m = 2.0 and the corresponding FFT of
this signal is given in Figure 7. This shows the normalized
magnitude of the 5" harmonic is zero and the 7** harmonic
is about 0.016 which corresponds well with the predicted
value of zero.

In the final experiment presented here, the modulation
index was changed to m = 1 while the dc source voltages
were left at V1Vy. = 48.3 Volts, V5 V;. = 38.9 Volts and
V3Vye = 36.08 Volts (i.e., V7 = 1,V5 = 0.81, V3 = 0.752).
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Fig. 6. Sampled output voltage with m = 2.0, Vi = 1,Vh =

0.81,V3 = 0.752 and f = 60 Hz.

Figure 8 is a plot of the output waveform voltage with
f =60 Hz and m = 1.0 and its corresponding FFT is given
in Figure 9 which shows that the normalized magnitude of
the 5" and 7' harmonics are zero.

V. CONCLUSIONS

It has been shown that elimnation theory and the no-
tion of resultants can used to eliminate the lower order
harmonices in a multilevel converter that has non equal
dc sources. This method is expected to have widespread
application as most multilevel converters do not have dc
sources that are exactly equal. Future research includes
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Normalized Magnitude vs Frequency (m =2.0; V = 484V; V2 =41.2V; Vl =36.77V)
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Phase Voltage vs Time (m = 1.0; V = 48.4V; V2 =445V; V3 =36.77V)
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Fig. 8.  Sampled output voltage with m = 1.0, V4 = 1,V =

0.81,V3 = 0.752 and f = 60 Hz.

extending this to the case when there are more than three
dc sources and methods to balance the dc sources against
unequal discharge rates.
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APPENDIX
I. RESULTANTS

Given two polynomials a(x1,z2) and b(z1,x2) how does
one find their common zeros? That is, the values (19, z20)
such that

a(z10,220) = b(x10, 220) = 0.

Consider a(z1,22) and b(x1, x2) as polynomials in zo whose
coefficients are polynomials in ;. There is always a poly-
nomial 7(z1) (called the resultant polynomial) such that

a(xzy, xo)a(xy, x2) + B(x1, x2)b(x1, 22) = r(x1).
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So if a($10,$20) = b($107.’L‘20) = 0 then T(.’Elo) =
0, that is, if (z10,720) is a common zero of the pair
{a(z1, z2),b(x1,z2)}, then the first coordinate x1¢ is a zero
of r(z1) = 0. To see how one obtains r(z1), let

a(ry,29) = az(x1)xd 4+ ao(x1)zd + ar(21)xs + ag(xr)
b(w1,m2) = ba(z1)x3 + by(21)w2 + bo(w1)

Next, see if polynomials of the form

a(x1,z2) = ai(x1)rs + ()
Blwr,x2) = Bolw1)zs + By (z1)m2 + Bo(z1).

can be found such that
a(xy, wa)a(xy, x2) + B(x1, x2)b(x1, 22) = 7(21). (5)

Equating powers of o, this equation may be rewritten in
matrix form as

ao(z1) 0 bo(z1) 0 0 ag(z1) r(z1)
04(:61) ao(xl) b1($1) bo(wl) 0 al(:cl) 0
az(z1) ai(z1) b2(z1) bi(x1) bo(x1) Bo(z1) | = 0
az(xz1) a2(x1) 0 ba(z1)  bi(z1) B1(z1) 0
0 ag(ml) 0 0 bg(ml) BZ(ml) 0

The matrix on the left-hand side is called the Sylvester
matrix and is denoted here by S, ,(z1). The inverse of
Sap(x1) has the form

1

_1 _
S“’b (1) = det Sq.p(21)

adj (S(Lb(xl) )

where adj(S,p(z1)) is the adjoint matrix and is a 5 X 5
polynomial matrix in x1. Solving for a;(z1), B;(x1) gives

aogxlg 7‘(6:1)
a1\ adjSq p(x1)

Bolm1) | = —<—7~| O
ﬂ(l)(xl) det Sa,b(l'l) 0
Ba(z1) 0

Choosing r(x1) = det S, (1) guarantees that
ao(21), a1(21), Bo(x1), B1(21), B2(x1) are polynomials in
x1. That is, the resultant polynomial defined by r(x;) =
det S, p(z1) is the polynomial required for (5).
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